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惯性⾥程计问题描述

姿态解算⽅法

• 旋转矩阵表示
• 四元数表示

惯性导航⽅法

偏差Kalman滤波

李群和李代数的求导



惯性⾥程计问题描述

以IMU在0时刻位置和姿态定义世界坐标系，即IMU初始位置为[0,0,0]，

初始姿态角为[0,0,0]，载体在后续运动过程中通过IMU在IMU坐标系连

续检测加速度和角速度。

, ] ( ,)  [ x y z
i t a a a=a

, ] ( ,)  [ x y z
i t w w w=ω

检测频率均为f，检测时间间隔为dt=1/f，并设在dt时间内加速度和角
速度不变 

t时刻测量的⾃⾝坐标系的加速度

t时刻测量的⾃⾝坐标系的⻆速度

基于加速度和角速度由0-t时刻的上述测量序列，计算载体t时
刻在世界坐标系中的姿态              = ? 

中包括姿态              和位置 =[xt,yt,zt]T( )wi tR ( )w tp
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惯性导航系统

初始状态：R=I, t=0开始
• 对象开始运动，陀螺仪提供body frame角速度

• 加速度传感器提供body frame的加速度信息

求各个时刻的设备
的姿态和位置

   
ϖ=(ω x ,ω y ,ω z )

   
a=(ax ,ay ,az )

1. Pose 
Update

2. Calculate 
linear ACC

3. Update 
velocity

4. Update 
position 

Gravity g

 
bϖ  ba

 oa

!!R(k)

!!V(k)

!!P(k)

!!R(k+1) !!V(k+1) !!P(k+1) 4
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1. 更新世
界坐标系下
姿态

2. 计算世界坐
标系下的线加速

度

3. 计算世界坐
标系下速度

4. 更新世界坐
标系下位置

Gravity g

 
bϖ  ba

 oa

!!R(k)

!!V(k)

!!P(k)

!!R(k+1) !!V(k+1) !!P(k+1)

惯性导航流程图



姿态更新⽅法 

要求的是

在dt这个很短的时间⾥，设备旋转总是可以描述成绕着某个轴旋转了⼀定⻆度

我们从 t=0, R(0)=I开始

, ] ( ,)  [ x y z
i t w w w=ω既然测量值是

把它看做是，绕着                          这个旋转轴，旋转了                  ⻆度1 1( ) ( )i it tω ω  1( )
i

t td ω

求IMU的姿态变化？
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( ) ( )( ) ( )( )exp ( ) ( ) ^ exp ( ) ^i it i
t tt

it t t t td d d+ » × = ×R ω ω ω ω   

1. 旋转矩阵表示：指数映射



• 根据罗德⾥格斯公式计算

姿态更新⽅法 

1 1( ) ( )i it tω ω  1( )
i

t td ω其中 n= q =

( ) ( )( ) ( ) ( )cos ( ) + -cos ( ) sin ( ) ^tt i i T i
t t t tt t td d d d+ » + ×R I I nnω ω ω n  

( )
( )

i
t

i
t

t
t

d
d

=
ω
ω

n



其中

从⽽得到旋转矩阵：

( ) ( ) ( )
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                                                                             if  ( ) 10    

sin ( ) 1 cos ( )
( ) ^ ( ( )) ^    else

( ) ( )
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另⼀种罗德⾥格斯公式：
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2. 旋转矩阵表示：两种罗德⾥格斯公式
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姿态更新⽅法 
3. ⻆速度矩阵近似⽅法

•例如dt=0.01，[wx=0.1, wy=0.2, wz=0.3]时，可知两次采样间沿
三个轴的body frame转⻆为[0.001, 0.002, 0.003]，计算：

=rotx(0.001)*roty(0.002)*rotz(0.003)
=roty(0.002)*rotx(0.001)*rotz(0.003)

=    1.0000    -0.0030   0.0020   =   1        -dtwz      dtwy

0.0030    1.0000    -0.0010        dtwz    1        -dtwx

-0.0020   0.0010    1.0000       -dtwy     dtwx      1

所以在微小旋转的情况下，旋转矩阵更新方法即为

在旋转⻆度很⼩时，旋

转矩阵是可交换的
1

t
t-R
1

t
t-R

1
t
t-R

⻆速度矩阵法( )
( )

( ) ( ) ( ) ( )

t

t

t
t t

t
t t t

S I

t t t S I

d

d

d w

d d w

+

+

= +

+ = = +

R

R R R R
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4. 四元数表示的姿态更新⽅法 
The development of the time-derivative of the quaternion follows (an analogous reason-

ing would be used for the rotation matrix)

q̇ , lim
�t!0

q(t+�t) � q(t)

�t

= lim
�t!0

q ⌦ �qL � q

�t

= lim
�t!0

q ⌦

✓
1

��L/2

�
�


1
0

�◆

�t

= lim
�t!0

q ⌦


0

��L/2

�

�t

=
1

2
q ⌦


0

!L

�
. (198)

Defining

⌦(!) , [!]R =


0 �!>

! � [!]⇥

�
=

2

664

0 �!x �!y �!z

!x 0 !z �!y

!y �!z 0 !x

!z !y �!x 0

3

775 , (199)

we get from (198) and (17) (we give also its matrix equivalent)

q̇ =
1

2
⌦(!L)q =

1

2
q ⌦ !L , Ṙ = R [!L]⇥ . (200)

These expressions are of course identical to (99) and (67), developed in the framework
of the rotation group SO(3). Here, however, and interestingly, we are able to clearly refer
the angular rate !L to a particular reference frame, which in this case is the local frame
defined by the orientation q or R. This has been possible now because we have given the
operators q and R a precise geometrical meaning. From this viewpoint, (200) expresses
the evolution of the orientation of a reference frame, when the angular rates are expressed
locally in this frame.

The time-derivatives associated to global perturbations follow from a development anal-
ogous to (198), which results in

q̇ =
1

2
!G ⌦ q , Ṙ = [!G]⇥ R , (201)

where

!G(t) ,
d�G(t)

dt
(202)

is the angular rates vector expressed in the global frame. Eq. (201) expresses the evolution
of the orientation of a reference frame, when the angular rates are expressed in the global
reference frame.
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四元数的时间导数

The development of the time-derivative of the quaternion follows (an analogous reason-
ing would be used for the rotation matrix)

q̇ , lim
�t!0

q(t+�t) � q(t)
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= lim
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�
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3
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q̇ =
1

2
⌦(!L)q =

1

2
q ⌦ !L , Ṙ = R [!L]⇥ . (200)

These expressions are of course identical to (99) and (67), developed in the framework
of the rotation group SO(3). Here, however, and interestingly, we are able to clearly refer
the angular rate !L to a particular reference frame, which in this case is the local frame
defined by the orientation q or R. This has been possible now because we have given the
operators q and R a precise geometrical meaning. From this viewpoint, (200) expresses
the evolution of the orientation of a reference frame, when the angular rates are expressed
locally in this frame.

The time-derivatives associated to global perturbations follow from a development anal-
ogous to (198), which results in

q̇ =
1

2
!G ⌦ q , Ṙ = [!G]⇥ R , (201)

where

!G(t) ,
d�G(t)

dt
(202)

is the angular rates vector expressed in the global frame. Eq. (201) expresses the evolution
of the orientation of a reference frame, when the angular rates are expressed in the global
reference frame.
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[1] Quaternion kinematics for the error-state Kalman filter, Joan Sola, 2017

[JoanSola2017], 公式(198)

The development of the time-derivative of the quaternion follows (an analogous reason-
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The development of the time-derivative of the quaternion follows (an analogous reason-
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是局部坐标系的⻆速度向量

定义：

=

则：

The development of the time-derivative of the quaternion follows (an analogous reason-
ing would be used for the rotation matrix)
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of the rotation group SO(3). Here, however, and interestingly, we are able to clearly refer
the angular rate !L to a particular reference frame, which in this case is the local frame
defined by the orientation q or R. This has been possible now because we have given the
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where

!G(t) ,
d�G(t)

dt
(202)

is the angular rates vector expressed in the global frame. Eq. (201) expresses the evolution
of the orientation of a reference frame, when the angular rates are expressed in the global
reference frame.
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4.5.1 Global-to-local relations

From the previous paragraph, it is worth noticing the following relation between local and
global angular rates,

1

2
!G ⌦ q = q̇ =

1

2
q ⌦ !L . (203)

Then, post-multiplying by the conjugate quaternion we have

!G = q ⌦ !L ⌦ q⇤ = R!L . (204)

Likewise, considering that ��R ⇡ !�t for small �t, we have that

��G = q ⌦ ��L ⌦ q⇤ = R��L . (205)

That is, we can transform angular rates vectors ! and small angular perturbations �� via
frame transformation, using the quaternion or the rotation matrix, as if they were regular
vectors. The same can be seen by posing ! = u!, or �� = u��, and noticing that the
rotation axis vector u transforms normally, with

uG = q ⌦ uL ⌦ q⇤ = RuL . (206)

4.5.2 Time-derivative of the quaternion product

We use the regular formula for the derivative of the product,

˙(q1 ⌦ q2) = q̇1 ⌦ q2 + q1 ⌦ q̇2 , ˙(R1R2) = Ṙ1R2 +R1Ṙ2 , (207)

but noticing that, since the products are non commutative, we need to respect the order
of the operands strictly. This means that ˙(q2) 6= 2q⌦ q̇ , as it would be in the scalar case,
but rather

˙(q2) = q̇ ⌦ q+ q ⌦ q̇ . (208)

4.5.3 Other useful expressions with the derivative

We can derive an expression for the local rotation rate

!L = 2q⇤
⌦ q̇ , [!L]⇥ = R> Ṙ . (209)

and the global rotation rate,

!G = 2 q̇ ⌦ q⇤
, [!G]⇥ = ṘR>

. (210)
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注意：世界坐标系姿态与局部
坐标系的加速度的转换为：



回顾四元数乘法

10

which allows us to use matrix algebra for operations involving quaternions. At certain
occasions, we may allow ourselves to mix notations by abusing of the sign “=”. Typical
examples are real quaternions and pure quaternions,

general: q = qw + qv =


qw

qv

�
2 H , real: qw =


qw

0v

�
2 R , pure: qv =


0
qv

�
2 Hp .

(8)

1.2 Main quaternion properties

1.2.1 Sum

The sum is straightforward,

p q =


pw

pv

� 
qw

qv

�
=


pw qw

pv qv

�
. (9)

By construction, the sum is commutative and associative,

p+ q = q+ p (10)

p+ (q+ r) = (p+ q) + r . (11)

1.2.2 Product

Denoted by ⌦, the quaternion product requires using the original form (1) and the quater-
nion algebra (2). Writing the result in vector form gives

p ⌦ q =

2

664

pwqw � pxqx � pyqy � pzqz

pwqx + pxqw + pyqz � pzqy

pwqy � pxqz + pyqw + pzqx

pwqz + pxqy � pyqx + pzqw

3

775 . (12)

This can be posed also in terms of the scalar and vector parts,

p ⌦ q =


pwqw � p>

v qv

pwqv + qwpv + pv⇥qv

�
, (13)

where the presence of the cross-product reveals that the quaternion product is not com-
mutative in the general case,

p ⌦ q 6= q ⌦ p . (14)

Exceptions to this general non-commutativity are limited to the cases where pv⇥qv = 0,
which happens whenever one quaternion is real, p = pw or q = qw, or when both vector
parts are parallel, pvkqv. Only in these cases the quaternion product is commutative.
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The quaternion product is however associative,

(p ⌦ q) ⌦ r = p ⌦ (q ⌦ r) , (15)

and distributive over the sum,

p ⌦ (q+ r) = p ⌦ q+ p ⌦ r and (p+ q) ⌦ r = p ⌦ r+ q ⌦ r . (16)

The product of two quaternions is bi-linear and can be expressed as two equivalent
matrix products, namely

q1 ⌦ q2 = [q1]L q2 and q1 ⌦ q2 = [q2]R q1 , (17)

where [q]L and [q]R are respectively the left- and right- quaternion-product matrices, which
are derived from (12) and (17) by simple inspection,

[q]L =

2

664

qw �qx �qy �qz

qx qw �qz qy

qy qz qw �qx

qz �qy qx qw

3

775 , [q]R =

2

664

qw �qx �qy �qz

qx qw qz �qy

qy �qz qw qx

qz qy �qx qw

3

775 , (18)

or more concisely, from (13) and (17),

[q]L = qw I+


0 �q>

v

qv [qv]⇥

�
, [q]R = qw I+


0 �q>

v

qv � [qv]⇥

�
. (19)

Here, the skew operator 2 [•]⇥ produces the cross-product matrix,

[a]⇥ ,

2

4
0 �az ay

az 0 �ax

�ay ax 0

3

5 , (20)

which is a skew-symmetric matrix, [a]>⇥ = � [a]⇥, equivalent to the cross product, i.e.,

[a]⇥ b = a⇥b , 8 a,b 2 R
3
. (21)

Finally, since

(q ⌦ x) ⌦ p = [p]R [q]L x and q ⌦ (x ⌦ p) = [q]L [p]R x (22)

we have the relation

[p]R [q]L = [q]L [p]R , (23)

that is, left and right quaternion product matrices commute. Further properties of these
matrices are provided in Section 2.8.

Quaternions endowed with the product operation ⌦ form a non-commutative group.
The group’s elements identity, q1 = 1, and inverse, q�1, are explored below.

2The skew-operator can be found in the literature in a number of di↵erent names and notations, either
related to the cross operator ⇥, or to the ‘hat’ operator ^, so that all the forms below are equivalent,

[a]⇥ ⌘ [a⇥] ⌘ a⇥ ⌘ a⇥ ⌘ [a] ⌘ ba ⌘ a
^

.
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• 由前⾯微分⽅程的解可得：

设这段时间内⻆速度均值为                                     ，则有：

13

4. 四元数表示：姿态更新⽅法

Figure 13: Angular velocity approximations for the integral: Red: true velocity. Blue: zero-
th order approximations (bottom to top: forward, midward and backward). Green: first
order approximation.

Figure 14: Integration schemes for two consecutive time steps (gray and black arrow sets),
where variables sharing the same time stamp have been organized in columns. Left: forward
integration. Center: midward and first-order integrations. Right: backward integration.

therefore,

qn+1 = qn ⌦ q{!n�t} . (215)

Backward integration We can also consider that the constant velocity over the period
�t corresponds to !n+1, the velocity measured at the end of the period. This can be
developed in a similar manner with a Taylor expansion of qn around tn+1, leading to

qn+1 ⇡ qn ⌦ q{!n+1�t} . (216)

We want to remark here that this is the typical integration method when the arriving
motion measurements are to be processed in real time, because the integration horizon
corresponds to the last measurement (in this case, tn+1, see Fig. 14). To make this more
salient, we can re-label the time indices to use {n � 1, n} instead of {n, n+ 1}, and write,

qn = qn�1 ⌦ q{!n�t} . (217)

49

Midward integration Similarly, if the velocity is considered constant at the median
rate over the period �t (which is not necessary the velocity at the midpoint of the period),

! =
!n+1 + !n

2
, (218)

we have,

qn+1 = qn ⌦ q{ !�t} . (219)

4.6.2 First order integration

The angular rate !(t) is now linear with time. Its first derivative is constant, and all
higher ones are zero,

!̇ =
!n+1 � !n

�t
(220)

!̈ =
...
! = · · · = 0 . (221)

We can write the median rate ! in terms of !n and !̇,

! = !n +
1

2
!̇�t , (222)

and derive the expression of the powers of !n appearing in the quaternion derivatives
(213), in terms of the more convenient ! and !̇,

!n = ! �
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2
!̇�t (223a)

!2
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3
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!2 !̇�t+

3

4
! !̇2�t

2 +
1

8
!̇3�t

3 (223c)

!4
n = !4 + · · · . (223d)

Injecting them in the quaternion derivatives, and substituting in the Taylor series (212),
we have after proper reordering,

qn+1 = q
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四元数乘法可以写成矩阵左乘四元数向量的形式

其中左乘矩阵为：

The quaternion product is however associative,

(p ⌦ q) ⌦ r = p ⌦ (q ⌦ r) , (15)

and distributive over the sum,

p ⌦ (q+ r) = p ⌦ q+ p ⌦ r and (p+ q) ⌦ r = p ⌦ r+ q ⌦ r . (16)

The product of two quaternions is bi-linear and can be expressed as two equivalent
matrix products, namely

q1 ⌦ q2 = [q1]L q2 and q1 ⌦ q2 = [q2]R q1 , (17)

where [q]L and [q]R are respectively the left- and right- quaternion-product matrices, which
are derived from (12) and (17) by simple inspection,

[q]L =

2

664

qw �qx �qy �qz

qx qw �qz qy

qy qz qw �qx

qz �qy qx qw

3

775 , [q]R =

2

664

qw �qx �qy �qz

qx qw qz �qy

qy �qz qw qx

qz qy �qx qw

3

775 , (18)

or more concisely, from (13) and (17),

[q]L = qw I+


0 �q>

v

qv [qv]⇥

�
, [q]R = qw I+


0 �q>

v

qv � [qv]⇥

�
. (19)

Here, the skew operator 2 [•]⇥ produces the cross-product matrix,

[a]⇥ ,

2

4
0 �az ay

az 0 �ax

�ay ax 0

3

5 , (20)

which is a skew-symmetric matrix, [a]>⇥ = � [a]⇥, equivalent to the cross product, i.e.,

[a]⇥ b = a⇥b , 8 a,b 2 R
3
. (21)

Finally, since

(q ⌦ x) ⌦ p = [p]R [q]L x and q ⌦ (x ⌦ p) = [q]L [p]R x (22)

we have the relation

[p]R [q]L = [q]L [p]R , (23)

that is, left and right quaternion product matrices commute. Further properties of these
matrices are provided in Section 2.8.

Quaternions endowed with the product operation ⌦ form a non-commutative group.
The group’s elements identity, q1 = 1, and inverse, q�1, are explored below.

2The skew-operator can be found in the literature in a number of di↵erent names and notations, either
related to the cross operator ⇥, or to the ‘hat’ operator ^, so that all the forms below are equivalent,

[a]⇥ ⌘ [a⇥] ⌘ a⇥ ⌘ a⇥ ⌘ [a] ⌘ ba ⌘ a
^

.
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姿态更新⽅法 
4. 四元数表示：姿态更新⽅法

Midward integration Similarly, if the velocity is considered constant at the median
rate over the period �t (which is not necessary the velocity at the midpoint of the period),

! =
!n+1 + !n

2
, (218)

we have,

qn+1 = qn ⌦ q{ !�t} . (219)

4.6.2 First order integration

The angular rate !(t) is now linear with time. Its first derivative is constant, and all
higher ones are zero,

!̇ =
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(220)

!̈ =
...
! = · · · = 0 . (221)

We can write the median rate ! in terms of !n and !̇,
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and derive the expression of the powers of !n appearing in the quaternion derivatives
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Injecting them in the quaternion derivatives, and substituting in the Taylor series (212),
we have after proper reordering,

qn+1 = q

 
1 +

1

2
!�t+

1

2!

✓
1

2
!�t

◆2

+
1

3!

✓
1

2
!�t

◆3

+ · · ·

!
(224a)

+ q

✓
�
1

4
!̇ +

1

4
!̇

◆
�t

2 (224b)

+ q

✓
�

1

16
! !̇ �

1

16
!̇ ! +

1

24
!̇ ! +

1

12
! !̇

◆
�t

3 (224c)

+ q

✓
· · ·

◆
�t

4 + · · · , (224d)

50

再改写⼀下：

其中：

这是有dt时间的⻆速度所
构造的旋转向量，所对应
的四元数



• 四元数姿态表示和旋转矩阵之间可以互相转化

四元数表达的姿态更新⽅法

( ) ( )( )2t tt q dcm td d+ = +R q

( ) [ ], , ,t b c d a=q若表示

( ) ( )
( ) ( )

( ) ( )
( ) ( )

2 ( )

2 2
2 2
2 2

t q dcm t

aa bb cc dd bc ad ac bd
ad bc aa bb cc dd cd ab
bd ac cd ab aa bb cc dd

=

+ - - - +æ ö
ç ÷+ - + - -ç ÷
ç ÷- + - - +è ø

R q

15

4. 四元数和旋转矩阵相互转换
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( )tt
t t S Id d w+ = +R

1. ⻆速度反对称矩阵⽅法

( ) ( )

8

2
2

                                                                                  if  | | 10    

sin | | 1 cos | |
( ) ( )   else

| | | |

t t
t t
t t t t t

t t t t
t t t t

I

I S S
d

d v

dv dv
dv dv

dv dv

-

+

ì <
ï

= -æ öí
+ × + ×ç ÷ï

è øî

R

2 罗德⾥格斯公式1： Titterton, Eq. 11.10, p. 312

3 罗德⾥格斯公式2： 视觉SLAM 14讲

( ) ( )( ) ( )cos 1 cos sin ( ),  where t t T t t
t t t t t t t

t t

I Sd dvdv dv dv
dv

+ = + - + =R nn n n

4. 指数映射⽅法：

( )expm ( )tt
t t tSd dv+ =R

Groves, Eq. 5.69.

5. 四元数⽅法：

( ) ( ) ( ),t t tt td v d+ =WQ Q ( ) ( )
( )

t
t

t

t
t

t
d

d
d

+
+ =

+
Q

Q
Q

( ) ( )( )2t tt q dcm td d+ = +R Q

( ) ( ) tt
t tt t dd ++ =R R R

( ) ( ) tt
t tt t dd ++ =R R R

姿态更新的⽅法总结



三种姿态更新⽅法的特点总结
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⽅法 罗德⾥格斯
公式、指数映
射⽅法

四元数⽅法 ⻆速度反对称矩阵
法

特点 计算量适中 计算虽最复杂、但仍
然是解析的矩阵计算

计算量最⼩

适⽤
情况

适合于PDR、
视觉惯性⾥程
计、雷达惯性
⾥程计等。

适合于PDR、视觉惯
性⾥程计、雷达惯性⾥
程计等，⽆Gimbal lock
问题，可适⽤于俯仰⻆
⼤幅度变化的场景如⽆
⼈机，⼿机定位导航等

是⼀种近似计算，
适⽤于⾏⼈计步导航
PDR，视觉惯性⾥程
计、雷达惯性⾥程计
等有周期性外部修正
信号的场景。
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五种⽅法的对⽐

• 例如dt=0.01，[wx=0.1, wy=0.2, wz=0.3]时，可知两次采样间沿三
个轴的转⻆为[0.001, 0.002, 0.003]，计算：

( )
1.0000   -0.0030    0.0020
0.0030    1.0000   -0.0010
-0.0020    0.0010    1.0000

tR d
é ù
ê ú= ê ú
ê úë û

1. 反对称矩阵法

2. 罗德⾥格斯公式1

3. 罗德⾥格斯公式2

( )
1.0000   -0.0030    0.0020
0.0030    1.0000   -0.0010
-0.0020    0.0010    1.0000

tR d
é ù
ê ú= ê ú
ê úë û

( )
1.0000   -0.0030    0.0020
0.0030    1.0000   -0.0010
-0.0020    0.0010    1.0000

tR d
é ù
ê ú= ê ú
ê úë û

4. 指数映射

5. 四元数⽅法

( )
1.0000   -0.0030    0.0020
0.0030    1.0000   -0.0010
-0.0020    0.0010    1.0000

tR d
é ù
ê ú= ê ú
ê úë û

( )
1.0000   -0.0030    0.0020
0.0030    1.0000   -0.0010
-0.0020    0.0010    1.0000

tR d
é ù
ê ú= ê ú
ê úë û

旋转⻆度⼩时，五种⽅

法单步结果完全⼀样



• 例如dt=0.5，[wx=0.1, wy=0.2, wz=0.3]时，可知两次采样间沿三个
轴的转⻆为[0.05, 0.10, 0.15]，计算100个周期后：

19

五种⽅法的对⽐

( )
    0.9988   -0.0412    0.0264

100     0.0416    0.9990   -0.0150
   -0.0258    0.0161    0.9995

tR d
é ù
ê ú= ê ú
ê úë û

1. 反对称矩阵法

2. 罗德⾥格斯公式1

4. 指数映射

100个周期后，后四种

⽅法结果完全相同

3. 罗德⾥格斯公式2

5. 四元数⽅法

( )
    0.9907    0.1143   -0.0731

100    -0.1115    0.9929    0.0419
    0.0774   -0.0334    0.9964

tR d
é ù
ê ú= ê ú
ê úë û

( )
    0.9907    0.1143   -0.0731

100    -0.1115    0.9929    0.0419
    0.0774   -0.0334    0.9964

tR d
é ù
ê ú= ê ú
ê úë û

( )
    0.9907    0.1143   -0.0731

100    -0.1115    0.9929    0.0419
    0.0774   -0.0334    0.9964

tR d
é ù
ê ú= ê ú
ê úë û

( )
    0.9907    0.1143   -0.0731

100    -0.1115    0.9929    0.0419
    0.0774   -0.0334    0.9964

tR d
é ù
ê ú= ê ú
ê úë û



⼏种计算⽅法对⽐

• Ekinox IMU是⼀种⾼精度、低漂移、集成⾼精度姿态解算算法的
传感器设备，采样频率为200Hz。
• 计算10分钟之内的位姿变化 

20⼏种⽅法计算效果⼏乎完全相同



使⽤⽐较差的IMU进⾏姿态解算

21

• MPU6000是⼀种⼿机⽤的低成本IMU传感器，采样频率为200Hz。
• 计算10分钟之内的位姿变化 

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

-5

0

5

10
estimated
groundtruth

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
-5

0

5

10

15

20
estimated
groundtruth

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0

2

4

6
estimated
groundtruth

很快就出现了
较⼤的偏差



MEMS陀螺仪的各种噪声

bias Random noise Temperature effectscalibration
!!et =N(0,N(0,t))+N(0,t)+ c +N(0,Tt)

22



⽬录

23

惯性⾥程计问题描述

姿态解算⽅法

• 旋转矩阵表示
• 四元数表示

惯性导航⽅法

偏差Kalman滤波

李群和李代数的求导



惯性导航⽅法

• 表示t时刻IMU在⾃⾝坐标系采集的真实加速度为       ，真实⻆速
度为         ，真实姿态为         ，重⼒加速度为    
• 通过连续时间的加速度和速度积分，可以得到理想化的速度和位

置更新的精确计算公式：

• 表示IMU的加速度计和陀螺仪t时刻测量偏差（bias）分别为       
和         , 加速度计和陀螺仪测量的噪声表示为          和 

24

( )i ta
( )i tω ( )wi tR g

0

0

( ) ( )

( ) ( )

( ) ( )

( )w i

tw

i

w

w

w

tw

t t

t d

t

t

d

t t

t t

= +

=

=

ò
ò

a a g

v a

p v

R

(t)ab
(t)gb ( )a tn ( )g tn

(t) (t) (t) ( )i i
g g t= + +ω ω b n

( )(t) ( ) (t) (t) ( )i T w
ab aw t t= - + +a R a g b n

测量值和真实
值之间的关系

速度位置更新



速度位置更新

• 从⽽速度和位置的更新的精确公式可以表示为：

25

( )( )
( )( )

0

0

0

( )

( ) exp ( ) ( ) ( ) ^

( ) ( )- ( ) ( )

( ) ( )

t i
wi g g

tw i
a a

tw

i

w

w

t d

t d

t d

t t t t

t t t t t

t t

= - -

= - +

=

ò

ò
ò

R b n

v

v

R b

p

ω

a n g



(t)ab (t)gb，          也都是随时间变化的，需要在线进⾏估计

( )a tn ( )g tn，          是传感器的随机噪声



速度和位置更新的近似计算⽅法 

• 实际应⽤IMU的采样是离散的，设IMU采样时间间隔为 ，则可得
到惯性⾥程计计算近似公式如下： 

26

td

( )( )t t( ) (t) exp (t) ( ) ^wi wi
i

gt td dé ù+ = -ë ûR R ω b

t t t( ) ( ) (t) (t) (t)wi a
i

w wt td d dé ù+ = + + -ë ûv v g R a b

2 2
t t t t

1 1( ) ( ) ( ) (t)[ (t) (t)]
2 2

i
iw w aw wt t td d d d+ = + + + -P P v g R a b

需要有外部辅助信息才能计算(t)gb (t)ab

据经验设置，会导致速度和位置随时间累积产生较大的误差 



INS Example
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28



⽬录

29

惯性⾥程计问题描述

姿态解算⽅法

• 旋转矩阵表示
• 四元数表示

惯性导航⽅法

偏差Kalman滤波

李群和李代数的求导



•由于嵌⼊式加速度传感器、陀螺仪存在时变的测量Bias，
前述直接积分的⽅法产⽣很⼤的速度和位置计算的误差。

•尤其在位置计算中，双重积分会使得偏差快速累计，惯
性导航结果很快变差。

•我们可以利⽤⼀些外部观测消除由Bias造成的影响，例如
零速检测，加速度传感器和陀螺仪传感器读数都为零时，
载体处于静⽌状态，可以利⽤这⼀机会，估计Bias的值，
消除由Bias导致的偏差。

•使⽤误差状态Kalman滤波器ESKF，来实时追踪速度、位
置、Bias的偏差值，在合适的时机修正惯性导航结果。

30

惯性导航⽅法
速度位置更新



偏差状态Kalman Filter (ESKF)
• Kalman 滤波器的状态向量定义为
                          δx = [δp,δv,δf,δba ,δbg ]T
   追踪的是INS系统的输出与真实状态之间的偏差。

31

Table 3: All variables in the error-state Kalman filter.

Magnitude True Nominal Error Composition Measured Noise

Full state (1) xt x �x xt = x � �x

Position pt p �p pt = p+ �p

Velocity vt v �v vt = v + �v

Quaternion (2,3) qt q �q qt = q ⌦ �q

Rotation matrix (2,3) Rt R �R Rt = R �R

Angles vector (4) �✓
�q = e

�✓/2

�R = e
[�✓]⇥

Accelerometer bias abt ab �ab abt = ab + �ab aw

Gyrometer bias !bt !b �!b !bt = !b + �!b !w

Gravity vector gt g �g gt = g + �g

Acceleration at am an

Angular rate !t !m !n

(1) the symbol � indicates a generic composition

(2) indicates non-minimal representations

(3) see Table 4 for the composition formula in case of globally-defined angular errors

(4) exponentials defined as in (101) and (69, 77)

5.3.1 The true-state kinematics

The true kinematic equations are

ṗt = vt (230a)

v̇t = at (230b)

q̇t =
1

2
qt ⌦ !t (230c)

ȧbt = aw (230d)

!̇bt = !w (230e)

ġt = 0 (230f)

54

符号表



融合外部信息并采⽤Kalman滤波的状态更新⽅
法

32

(t)bω ( t )ba

No

INS 系统

| 1 1| 1 1k k k k k k- - - -= +δx F δx w
Error state预测

| | 1 | 1k k k k k k k kz- -é ù= + -ë ûδx δx K H δx

( ) 1| 1 | 1
T T

k k k k k k k k k

-

- -= +K P H H P H R

| 1 1| 1
T T

k k k k k k k k- - -= +P F P F G QG ( ) ( )| 1| 1
T T

k k k k k k k k k k k- -= - - +P I K H P I K H K R K

修正后偏差状态置零

INS系统

IMU输入

构造状态转移矩阵Fk, Gk

偏差状态Kalman滤波的状态向量

z
Yes

( ) ( ) ( )( ),i
t tt t td d+ =W ωq q

t t t( ) ( ) (t) (t) (t)wi a
i

w wt td d dé ù+ = + + -ë ûv v g R a b

2 2
t t t t

1 1( ) ( ) ( ) (t)[ (t) (t)]
2 2

i
iw w aw wt t td d d d+ = + + + -P P v g R a b

状
态
修
正
部
分

偏差状态Kalman滤波器

更新Error state状态和方差矩阵

构造观测矩阵Hk

修正位置姿态估计

系统位姿输出

, , , ,
T

gjé ù= ë ûaδx δp δv δ δb δb| (1:15) 0k k =δx

1  1
2

T
Td dfé ù= ê úë û

q
( ) ( )
( ) ( )

ˆ( ) ( )
ˆˆ
ˆˆ g g g

t t t t

t t t t

t t t t

d d d

d d d

d d d

+ = + Ä

+ = + + = +

+ = + + = +

a a a

q q q

v v δv b b b

p p δp b b b

ㄑ

ㄑ

ˆ( t)t d+q ˆ ( t)w t d+v ˆ ( t)w t d+P ˆ ˆ,a gb b

获得外部

观测

( ) ( t)
,

w

k k

bt t td d++q R
F G

! 藜

# $ % 庀! ' ( )

df dq! 鳅#



融合外部信息并采⽤Kalman滤波的状态更新⽅法

• 整个计算过程中分为三部分：（1）INS系统；（2）Error State 
Kalman滤波；（3）状态修正部分。 
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INS系统

( ) ( ) ( )( ),i
t tt t td d+ =W ωq q

t t t( ) ( ) (t) (t) (t)wi a
i

w wt td d dé ù+ = + + -ë ûv v g R a b

2 2
t t t t

1 1( ) ( ) ( ) (t)[ (t) (t)]
2 2

i
iw w aw wt t td d d d+ = + + + -P P v g R a b

ˆ( t)t d+q ˆ ( t)w t d+v ˆ ( t)w t d+P ˆ ˆ,a gb b

(t)bω ( t )baIMU输入

ESKF的INS系统部分



获得加速度⻆速度测量时，进⾏INS计算

偏差状态Kalman滤波器

• Kalman滤波器的状态向量定义为 ：

• 即追踪的是INS的估计值和真实值的偏差和Bias项的变化量。
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, , , ,
T

gjé ù= ë ûaδx δp δv δ δb δb

Error State 
Correction

Estimated State 
Prediction

Reset         to zero !!(R̂t ,v̂t ,p̂t ) d tx

获得外部测量时

, , , ,
T

gjé ù= ë ûaδx δp δv δ δb δb

修正位置姿态估计

( ) ( )
( ) ( )

ˆ( ) ( )
ˆˆ
ˆˆ g g g

t t t t

t t t t

t t t t

d d d

d d d

d d d

+ = + Ä

+ = + + = +

+ = + + = +

a a a

q q q

v v δv b b b

p p δp b b b

ㄑ

ㄑ

ESKF的总体介绍



总结

• 惯性导航分为如下⼏个关键步骤：
• 姿态解算（有多种⽅法）

• 速度和位置计算：

• 偏差状态更新，基于零速检测或视觉⾥程计信息的偏差状态估计
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( )( )t t( ) (t) exp (t) ( ) ^wi wi
i

gt td dé ù+ = -ë ûR R ω b

t t t( ) ( ) (t) (t) (t)wi a
i

w wt td d dé ù+ = + + -ë ûv v g R a b

2 2
t t t t

1 1( ) ( ) ( ) (t)[ (t) (t)]
2 2

i
iw w aw wt t td d d d+ = + + + -P P v g R a b

, , , ,
T

gjé ù= ë ûaδx δp δv δ δb δb
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偏差状态Kalman滤波的整体流程

Table 3: All variables in the error-state Kalman filter.

Magnitude True Nominal Error Composition Measured Noise

Full state (1) xt x �x xt = x � �x

Position pt p �p pt = p+ �p

Velocity vt v �v vt = v + �v

Quaternion (2,3) qt q �q qt = q ⌦ �q

Rotation matrix (2,3) Rt R �R Rt = R �R

Angles vector (4) �✓
�q = e

�✓/2

�R = e
[�✓]⇥

Accelerometer bias abt ab �ab abt = ab + �ab aw

Gyrometer bias !bt !b �!b !bt = !b + �!b !w

Gravity vector gt g �g gt = g + �g

Acceleration at am an

Angular rate !t !m !n

(1) the symbol � indicates a generic composition

(2) indicates non-minimal representations

(3) see Table 4 for the composition formula in case of globally-defined angular errors

(4) exponentials defined as in (101) and (69, 77)

5.3.1 The true-state kinematics

The true kinematic equations are

ṗt = vt (230a)

v̇t = at (230b)

q̇t =
1

2
qt ⌦ !t (230c)

ȧbt = aw (230d)

!̇bt = !w (230e)

ġt = 0 (230f)

54

惯性导航的运动学⽅程

位置的导数为速度

速度的导数为加速度

姿态四元数的导数

加速度bias的导数为加速度噪声

⻆速度bias的导数为⻆速度噪声

重⼒加速度的导数为0
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偏差状态Kalman滤波的整体流程
Here, the true acceleration at and angular rate !t are obtained from an IMU in the form
of noisy sensor readings am and !m in body frame, namely23

am = R>
t (at � gt) + abt + an (231)

!m = !t + !bt + !n (232)

with Rt , R{qt}. With this, the true values can be isolated (this means that we have
inverted the measurement equations),

at = Rt(am � abt � an) + gt (233)

!t = !m � !bt � !n. (234)

Substituting above yields the kinematic system

ṗt = vt (235a)

v̇t = Rt(am � abt � an) + gt (235b)

q̇t =
1

2
qt ⌦ (!m � !bt � !n) (235c)

ȧbt = aw (235d)

!̇bt = !w (235e)

ġt = 0 (235f)

which we may name ẋt = ft(xt,u,w). This system has state xt, is governed by IMU noisy
readings um, and is perturbed by white Gaussian noise w, all defined by

xt =

2

6666664

pt

vt

qt

abt

!bt

gt

3

7777775
u =


am � an

!m � !n

�
w =


aw

!w

�
. (236)

It is to note in the above formulation that the gravity vector gt is going to be estimated
by the filter. It has a constant evolution equation, (235f), as corresponds to a magnitude
that is known to be constant. The system starts at a fixed and arbitrarily known initial
orientation qt(t = 0) = q0, which, being generally not in the horizontal plane, makes the
initial gravity vector generally unknown. For simplicity it is usually taken q0 = (1, 0, 0, 0)

23It is common practice to neglect the Earth’s rotation rate !E in the rotational kinematics described
in (232), which would otherwise be !m = !t + R

>
t !E + !bt + !n. Considering a non-null Earth rotation

rate is, in the vast majority of practical cases, unjustifiably complicated. However, we notice that when
employing high-end IMU sensors with very small noises and biases, a value of !E = 15�/h ⇡ 7.3 ·10�5 rad/s
might become directly measurable; in such cases, in order to keep the IMU error model valid, the rate !E
should not be neglected in the formulation.
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bodyframe测量值和worldframe真实⻆速度⻆速度值之间的关系

Here, the true acceleration at and angular rate !t are obtained from an IMU in the form
of noisy sensor readings am and !m in body frame, namely23

am = R>
t (at � gt) + abt + an (231)

!m = !t + !bt + !n (232)

with Rt , R{qt}. With this, the true values can be isolated (this means that we have
inverted the measurement equations),

at = Rt(am � abt � an) + gt (233)

!t = !m � !bt � !n. (234)

Substituting above yields the kinematic system

ṗt = vt (235a)

v̇t = Rt(am � abt � an) + gt (235b)

q̇t =
1

2
qt ⌦ (!m � !bt � !n) (235c)

ȧbt = aw (235d)

!̇bt = !w (235e)

ġt = 0 (235f)

which we may name ẋt = ft(xt,u,w). This system has state xt, is governed by IMU noisy
readings um, and is perturbed by white Gaussian noise w, all defined by

xt =

2

6666664

pt

vt

qt

abt

!bt

gt

3

7777775
u =


am � an

!m � !n

�
w =


aw

!w

�
. (236)

It is to note in the above formulation that the gravity vector gt is going to be estimated
by the filter. It has a constant evolution equation, (235f), as corresponds to a magnitude
that is known to be constant. The system starts at a fixed and arbitrarily known initial
orientation qt(t = 0) = q0, which, being generally not in the horizontal plane, makes the
initial gravity vector generally unknown. For simplicity it is usually taken q0 = (1, 0, 0, 0)

23It is common practice to neglect the Earth’s rotation rate !E in the rotational kinematics described
in (232), which would otherwise be !m = !t + R

>
t !E + !bt + !n. Considering a non-null Earth rotation

rate is, in the vast majority of practical cases, unjustifiably complicated. However, we notice that when
employing high-end IMU sensors with very small noises and biases, a value of !E = 15�/h ⇡ 7.3 ·10�5 rad/s
might become directly measurable; in such cases, in order to keep the IMU error model valid, the rate !E
should not be neglected in the formulation.

55

worldframe加速度⻆速度的真实值⽤bodyframe测量值和当前状态描述

Here, the true acceleration at and angular rate !t are obtained from an IMU in the form
of noisy sensor readings am and !m in body frame, namely23

am = R>
t (at � gt) + abt + an (231)

!m = !t + !bt + !n (232)

with Rt , R{qt}. With this, the true values can be isolated (this means that we have
inverted the measurement equations),

at = Rt(am � abt � an) + gt (233)

!t = !m � !bt � !n. (234)

Substituting above yields the kinematic system

ṗt = vt (235a)

v̇t = Rt(am � abt � an) + gt (235b)

q̇t =
1

2
qt ⌦ (!m � !bt � !n) (235c)

ȧbt = aw (235d)

!̇bt = !w (235e)

ġt = 0 (235f)

which we may name ẋt = ft(xt,u,w). This system has state xt, is governed by IMU noisy
readings um, and is perturbed by white Gaussian noise w, all defined by

xt =

2

6666664

pt

vt

qt

abt

!bt

gt

3

7777775
u =


am � an

!m � !n

�
w =


aw

!w

�
. (236)

It is to note in the above formulation that the gravity vector gt is going to be estimated
by the filter. It has a constant evolution equation, (235f), as corresponds to a magnitude
that is known to be constant. The system starts at a fixed and arbitrarily known initial
orientation qt(t = 0) = q0, which, being generally not in the horizontal plane, makes the
initial gravity vector generally unknown. For simplicity it is usually taken q0 = (1, 0, 0, 0)

23It is common practice to neglect the Earth’s rotation rate !E in the rotational kinematics described
in (232), which would otherwise be !m = !t + R

>
t !E + !bt + !n. Considering a non-null Earth rotation

rate is, in the vast majority of practical cases, unjustifiably complicated. However, we notice that when
employing high-end IMU sensors with very small noises and biases, a value of !E = 15�/h ⇡ 7.3 ·10�5 rad/s
might become directly measurable; in such cases, in order to keep the IMU error model valid, the rate !E
should not be neglected in the formulation.
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将at⽤测量值表达式替换

将wt⽤测量值表达式替换
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and thus R0 = R{q0} = I. We estimate gt expressed in frame q0, and not qt expressed in
a horizontal frame, so that the initial uncertainty in orientation is transferred to an initial
uncertainty on the gravity direction. We do so to improve linearity: indeed, equation
(235b) is now linear in g, which carries all the uncertainty, and the initial orientation q0 is
known without uncertainty, so that q starts with no uncertainty. Once the gravity vector
is estimated the horizontal plane can be recovered and, if desired, the whole state and
recovered motion trajectories can be re-oriented to reflect the estimated horizontal. See
(Lupton and Sukkarieh, 2009) for further justification. This is of course optional, and the
reader is free to remove all equations related to graviy from the system and adopt a more
classical approach of considering g , (0, 0,�9.8xx), with xx the appropriate decimal digits
of the gravity vector on the site of the experiment, and an uncertain initial orientation q0.

5.3.2 The nominal-state kinematics

The nominal-state kinematics corresponds to the modeled system without noises or per-
turbations,

ṗ = v (237a)

v̇ = R(am � ab) + g (237b)

q̇ =
1

2
q ⌦ (!m � !b) (237c)

ȧb = 0 (237d)

!̇b = 0 (237e)

ġ = 0. (237f)

5.3.3 The error-state kinematics

The goal is to determine the linearized dynamics of the error-state. For each state equa-
tion, we write its composition (in Table 3), solving for the error state and simplifying all
second-order infinitesimals. We give here the full error-state dynamic system and proceed
afterwards with comments and proofs.

˙�p = �v (238a)

˙�v = �R [am � ab]⇥ �✓ � R�ab + �g � Ran (238b)

˙�✓ = � [!m � !b]⇥ �✓ � �!b � !n (238c)

˙�ab = aw (238d)

˙�!b = !w (238e)

˙�g = 0. (238f)

Equations (238a), (238d), (238e) and (238f), respectively of position, both biases, and
gravity errors, are derived from linear equations and their error-state dynamics is trivial.

56

标准状态下的运动学模型，去
掉加速度和⻆速度的噪声项

偏差状态下的运动学模型，建
⽴偏差状态之间的运动学⽅程

and thus R0 = R{q0} = I. We estimate gt expressed in frame q0, and not qt expressed in
a horizontal frame, so that the initial uncertainty in orientation is transferred to an initial
uncertainty on the gravity direction. We do so to improve linearity: indeed, equation
(235b) is now linear in g, which carries all the uncertainty, and the initial orientation q0 is
known without uncertainty, so that q starts with no uncertainty. Once the gravity vector
is estimated the horizontal plane can be recovered and, if desired, the whole state and
recovered motion trajectories can be re-oriented to reflect the estimated horizontal. See
(Lupton and Sukkarieh, 2009) for further justification. This is of course optional, and the
reader is free to remove all equations related to graviy from the system and adopt a more
classical approach of considering g , (0, 0,�9.8xx), with xx the appropriate decimal digits
of the gravity vector on the site of the experiment, and an uncertain initial orientation q0.

5.3.2 The nominal-state kinematics

The nominal-state kinematics corresponds to the modeled system without noises or per-
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v̇ = R(am � ab) + g (237b)

q̇ =
1

2
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ȧb = 0 (237d)
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ġ = 0. (237f)

5.3.3 The error-state kinematics

The goal is to determine the linearized dynamics of the error-state. For each state equa-
tion, we write its composition (in Table 3), solving for the error state and simplifying all
second-order infinitesimals. We give here the full error-state dynamic system and proceed
afterwards with comments and proofs.

˙�p = �v (238a)

˙�v = �R [am � ab]⇥ �✓ � R�ab + �g � Ran (238b)
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˙�!b = !w (238e)

˙�g = 0. (238f)

Equations (238a), (238d), (238e) and (238f), respectively of position, both biases, and
gravity errors, are derived from linear equations and their error-state dynamics is trivial.
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5.4.1 The nominal state kinematics

We can write the di↵erences equations of the nominal-state as

p p+ v�t+
1

2
(R(am � ab) + g)�t

2 (260a)

v v + (R(am � ab) + g)�t (260b)

q q⌦ q{(!m � !b)�t} (260c)

ab  ab (260d)

!b  !b (260e)

g g , (260f)

where x  f(x, •) stands for a time update of the type xk+1 = f(xk, •k), R , R{q}

is the rotation matrix associated to the current nominal orientation q, and q{v} is the
quaternion associated to the rotation v, according to (101).

We can also use more precise integration, please see the Appendices for more informa-
tion.

5.4.2 The error-state kinematics

The deterministic part is integrated normally (in this case we follow the methods in
App. C.2), and the integration of the stochastic part results in random impulses (see
App. E), thus,

�p �p+ �v�t (261a)

�v �v + (�R [am � ab]⇥ �✓ �R�ab + �g)�t+ vi (261b)

�✓  R>
{(!m � !b)�t}�✓ � �!b�t+ ✓i (261c)

�ab  �ab + ai (261d)

�!b  �!b + !i (261e)

�g �g . (261f)

Here, vi, ✓i, ai and !i are the random impulses applied to the velocity, orientation
and bias estimates, modeled by white Gaussian processes. Their mean is zero, and their
covariances matrices are obtained by integrating the covariances of an, !n, aw and !w over
the step time �t (see App. E),

Vi = �
2
ãn
�t

2I [m2
/s

2] (262)

⇥i = �
2
!̃n
�t

2I [rad2] (263)

Ai = �
2
aw
�tI [m2

/s
4] (264)

⌦i = �
2
!w

�tI [rad2/s2] (265)

where �ãn [m/s
2], �!̃n [rad/s], �aw [m/s

2
p
s] and �!w [rad/s

p
s] are to be determined from

the information in the IMU datasheet, or from experimental measurements.
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考虑两次测量之间的时间间隔为Dt，则上述微分⽅程可以求解为：
5.4.3 The error-state Jacobian and perturbation matrices

The Jacobians are obtained by simple inspection of the error-state di↵erences equations in
the previous section.

To write these equations in compact form, we consider the nominal state vector x,
the error state vector �x, the input vector um, and the perturbation impulses vector i, as
follows (see App. E.1 for details and justifications),

x =

2

6666664

p
v
q
ab

!b

g

3

7777775
, �x =

2

6666664

�p
�v
�✓
�ab

�!b

�g

3

7777775
, um =


am

!m

�
, i =

2

664

vi

✓i

ai

!i

3

775 (266)

The error-state system is now

�x f(x, �x,um, i) = Fx(x,um)·�x+ Fi ·i, (267)

The ESKF prediction equations are written:

�̂x Fx(x,um)·�̂x (268)

P Fx PF>
x + Fi Qi F

>
i , (269)

where �x ⇠ N{�̂x,P}
25; Fx and Fi are the Jacobians of f() with respect to the error and

perturbation vectors; and Qi is the covariances matrix of the perturbation impulses.
The expressions of the Jacobian and covariances matrices above are detailed below. All

state-related values appearing herein are extracted directly from the nominal state.

Fx =
@f

@�x

����
x,um

=

2

6666664

I I�t 0 0 0 0
0 I �R [am � ab]⇥ �t �R�t 0 I�t

0 0 R>
{(!m � !b)�t} 0 �I�t 0

0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I

3

7777775
(270)

Fi =
@f

@i

����
x,um

=

2

6666664

0 0 0 0
I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I
0 0 0 0

3

7777775
, Qi =

2

664

Vi 0 0 0
0 ⇥i 0 0
0 0 Ai 0
0 0 0 ⌦i

3

775 . (271)

25
x ⇠ N{µ, ⌃} means that x is a Gaussian random variable with mean and covariances matrix specified

by µ and ⌃.
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5.4.3 The error-state Jacobian and perturbation matrices

The Jacobians are obtained by simple inspection of the error-state di↵erences equations in
the previous section.

To write these equations in compact form, we consider the nominal state vector x,
the error state vector �x, the input vector um, and the perturbation impulses vector i, as
follows (see App. E.1 for details and justifications),
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3
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
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, i =
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3

775 (266)

The error-state system is now

�x f(x, �x,um, i) = Fx(x,um)·�x+ Fi ·i, (267)

The ESKF prediction equations are written:

�̂x Fx(x,um)·�̂x (268)

P Fx PF>
x + Fi Qi F

>
i , (269)

where �x ⇠ N{�̂x,P}
25; Fx and Fi are the Jacobians of f() with respect to the error and

perturbation vectors; and Qi is the covariances matrix of the perturbation impulses.
The expressions of the Jacobian and covariances matrices above are detailed below. All

state-related values appearing herein are extracted directly from the nominal state.

Fx =
@f

@�x

����
x,um

=

2

6666664

I I�t 0 0 0 0
0 I �R [am � ab]⇥ �t �R�t 0 I�t

0 0 R>
{(!m � !b)�t} 0 �I�t 0

0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I

3

7777775
(270)

Fi =
@f

@i

����
x,um

=

2

6666664

0 0 0 0
I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I
0 0 0 0

3

7777775
, Qi =

2

664

Vi 0 0 0
0 ⇥i 0 0
0 0 Ai 0
0 0 0 ⌦i

3

775 . (271)

25
x ⇠ N{µ, ⌃} means that x is a Gaussian random variable with mean and covariances matrix specified

by µ and ⌃.
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做如下向量表示：

则上述误差状态的运动⽅程可以写作：

ESKF的运动⽅程的紧凑模式



40

偏差状态Kalman滤波的整体流程

为将偏差状态运动⽅程写成紧凑模式，考虑如下状态向量：

5.4.3 The error-state Jacobian and perturbation matrices

The Jacobians are obtained by simple inspection of the error-state di↵erences equations in
the previous section.

To write these equations in compact form, we consider the nominal state vector x,
the error state vector �x, the input vector um, and the perturbation impulses vector i, as
follows (see App. E.1 for details and justifications),

x =

2
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775 (266)

The error-state system is now

�x f(x, �x,um, i) = Fx(x,um)·�x+ Fi ·i, (267)

The ESKF prediction equations are written:

�̂x Fx(x,um)·�̂x (268)

P Fx PF>
x + Fi Qi F

>
i , (269)

where �x ⇠ N{�̂x,P}
25; Fx and Fi are the Jacobians of f() with respect to the error and

perturbation vectors; and Qi is the covariances matrix of the perturbation impulses.
The expressions of the Jacobian and covariances matrices above are detailed below. All

state-related values appearing herein are extracted directly from the nominal state.

Fx =
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����
x,um

=
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6666664

I I�t 0 0 0 0
0 I �R [am � ab]⇥ �t �R�t 0 I�t

0 0 R>
{(!m � !b)�t} 0 �I�t 0

0 0 0 I 0 0
0 0 0 0 I 0
0 0 0 0 0 I
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Fi =
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����
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=
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0 0 0 0
I 0 0 0
0 I 0 0
0 0 I 0
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3

7777775
, Qi =
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664

Vi 0 0 0
0 ⇥i 0 0
0 0 Ai 0
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3

775 . (271)

25
x ⇠ N{µ, ⌃} means that x is a Gaussian random variable with mean and covariances matrix specified

by µ and ⌃.
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将偏差状态⽤⾼斯分布描述，⽅差矩阵为P. 
 Fx and Fi分别是Fx(x,um)对x和对i的雅克⽐矩阵

5.4.3 The error-state Jacobian and perturbation matrices

The Jacobians are obtained by simple inspection of the error-state di↵erences equations in
the previous section.

To write these equations in compact form, we consider the nominal state vector x,
the error state vector �x, the input vector um, and the perturbation impulses vector i, as
follows (see App. E.1 for details and justifications),
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The error-state system is now

�x f(x, �x,um, i) = Fx(x,um)·�x+ Fi ·i, (267)

The ESKF prediction equations are written:

�̂x Fx(x,um)·�̂x (268)

P Fx PF>
x + Fi Qi F

>
i , (269)

where �x ⇠ N{�̂x,P}
25; Fx and Fi are the Jacobians of f() with respect to the error and

perturbation vectors; and Qi is the covariances matrix of the perturbation impulses.
The expressions of the Jacobian and covariances matrices above are detailed below. All

state-related values appearing herein are extracted directly from the nominal state.
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25
x ⇠ N{µ, ⌃} means that x is a Gaussian random variable with mean and covariances matrix specified

by µ and ⌃.
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5.4.3 The error-state Jacobian and perturbation matrices

The Jacobians are obtained by simple inspection of the error-state di↵erences equations in
the previous section.

To write these equations in compact form, we consider the nominal state vector x,
the error state vector �x, the input vector um, and the perturbation impulses vector i, as
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The error-state system is now

�x f(x, �x,um, i) = Fx(x,um)·�x+ Fi ·i, (267)

The ESKF prediction equations are written:

�̂x Fx(x,um)·�̂x (268)
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i , (269)

where �x ⇠ N{�̂x,P}
25; Fx and Fi are the Jacobians of f() with respect to the error and

perturbation vectors; and Qi is the covariances matrix of the perturbation impulses.
The expressions of the Jacobian and covariances matrices above are detailed below. All

state-related values appearing herein are extracted directly from the nominal state.
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25
x ⇠ N{µ, ⌃} means that x is a Gaussian random variable with mean and covariances matrix specified

by µ and ⌃.
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5.4.3 The error-state Jacobian and perturbation matrices

The Jacobians are obtained by simple inspection of the error-state di↵erences equations in
the previous section.

To write these equations in compact form, we consider the nominal state vector x,
the error state vector �x, the input vector um, and the perturbation impulses vector i, as
follows (see App. E.1 for details and justifications),
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The error-state system is now
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The ESKF prediction equations are written:
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where �x ⇠ N{�̂x,P}
25; Fx and Fi are the Jacobians of f() with respect to the error and
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The expressions of the Jacobian and covariances matrices above are detailed below. All

state-related values appearing herein are extracted directly from the nominal state.
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x ⇠ N{µ, ⌃} means that x is a Gaussian random variable with mean and covariances matrix specified

by µ and ⌃.
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5.4.3 The error-state Jacobian and perturbation matrices

The Jacobians are obtained by simple inspection of the error-state di↵erences equations in
the previous section.

To write these equations in compact form, we consider the nominal state vector x,
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The error-state system is now
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the error state vector �x, the input vector um, and the perturbation impulses vector i, as
follows (see App. E.1 for details and justifications),

x =

2
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p
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q
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!b
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3
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2
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3
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
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�
, i =

2
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vi

✓i
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!i

3

775 (266)

The error-state system is now

�x f(x, �x,um, i) = Fx(x,um)·�x+ Fi ·i, (267)

The ESKF prediction equations are written:

�̂x Fx(x,um)·�̂x (268)

P Fx PF>
x + Fi Qi F

>
i , (269)

where �x ⇠ N{�̂x,P}
25; Fx and Fi are the Jacobians of f() with respect to the error and

perturbation vectors; and Qi is the covariances matrix of the perturbation impulses.
The expressions of the Jacobian and covariances matrices above are detailed below. All

state-related values appearing herein are extracted directly from the nominal state.

Fx =
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Fi =
@f

@i

����
x,um

=

2

6666664

0 0 0 0
I 0 0 0
0 I 0 0
0 0 I 0
0 0 0 I
0 0 0 0

3

7777775
, Qi =

2

664

Vi 0 0 0
0 ⇥i 0 0
0 0 Ai 0
0 0 0 ⌦i

3

775 . (271)

25
x ⇠ N{µ, ⌃} means that x is a Gaussian random variable with mean and covariances matrix specified

by µ and ⌃.

61



偏差状态Kalman滤波器：状态更新

• 根据外部观测进⾏偏差状态更新
• 在没有外部观测的时候，⼀直只进⾏状态预测的计算，在获得外

部观测的时候，通过外部观测对偏差状态进⾏更新。
• 例如，以“零速检测”作为外部观测的偏差状态Kalman滤波 

42

从连续采集的 IMU数据中，进⾏零速事件检测：Zero Velocity 
detection: ZUPT，一般用于行人定位导航中。



偏差状态Kalman滤波器：零速检测

• 在仅使⽤IMU时，基于IMU本⾝状态可以获取的外部观测信息是
“零速检测”（Zero Velocity Update: ZUPT）[9][12]。当IMU固定
在鞋⼦上⾏⾛时，在每⼀步脚掌落地的时候，IMU都会在短暂时
刻处于速度为零的状态。
•⽂献[9]因此提出零速检测⼿段，通过设计零速检测的阈值函数，

检测出IMU处于零速的状态，作为外部观测，建⽴对速度的观测
⽅程，再通过偏差状态Kalman滤波修正惯性⾥程计的速度、位置、
和bias的追踪结果。  
• 由于IMU处于零速时，加速度和⻆速度的数值都会很⼩，所以零

速检测主要取当前时刻之前⼀个滑窗W内的加速度、陀螺仪的幅
度等判断IMU是否处于零速的状态，有多种零速检测的⽅法被提
出[9] 。
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例如最简单的：

_ ( , , )i iis stance zupt W= a ω 



偏差状态Kalman滤波器：零速检测

• 当ZUPT检测IMU处于零速时，由于取观测向量为当前的速度估计
与零速之间的偏差，即             
•这是对         的观测，因此观测矩阵

•然后根据观测对偏差状态进⾏更新。
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更新后的偏差状态，修正INS结果
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之后把偏差状态重新置为0
将方差矩阵也调整一下

locally with respect to the orientation frame of the new nominal state. To make the
ESKF update complete, the covariance of the error needs to be updated according to this
modification.

Let us call the error reset function g(). It is written as follows,

�x g(�x) = �x �̂x , (284)

where  stands for the composition inverse of �. The ESKF error reset operation is thus,

�̂x 0 (285)

P GPG>
. (286)

where G is the Jacobian matrix defined by,

G , @g

@�x

����
�̂x

. (287)

Similarly to what happened with the update Jacobian above, this Jacobian is the iden-
tity on all diagonal blocks except in the orientation error. We give here the full expression
and proceed in the following section with the derivation of the orientation error block,
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In major cases, the error term �̂✓ can be neglected, leading simply to a Jacobian
G = I18, and thus to a trivial error reset. This is what most implementations of the ESKF
do. The expression here provided should produce more precise results, which might be of
interest for reducing long-term error drift in odometry systems.

6.3.1 Jacobian of the reset operation with respect to the orientation error

We want to obtain the expression of the new angular error �✓+ with respect to the old
error �✓ and the observed error �̂✓. Consider these facts:

• The true orientation does not change on error reset, i.e., q+
t = qt. This gives:

q+
⌦ �q+ = q⌦ �q . (289)

• The observed error mean has been injected into the nominal state (see (283c) and
(123)):

q+ = q⌦ �̂q . (290)
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融合外部信息并采⽤Kalman滤波的状态更新⽅
法
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速度与位置追踪的实验结果
Bias设为0时的速度追踪结果

47
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速度与位置追踪的实验结果

Bias设为测量的经验偏差的速度追踪结果



速度与位置追踪的实验结果
•添加零速检测的结果

49

零速检测
的结果

⻆速度测
量值



速度与位置追踪的实验结果

•添加零速检测的结果

50
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偏差减⼩了，但
是产⽣了些⽑刺



速度与位置追踪的实验结果

•模拟视觉信息，周期性添加状态观测
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惯性导航总结
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惯性导航

姿态跟踪 速度位置跟踪 偏差状态跟踪

加速度、⻆
速度

外部观测

INS结果


